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Abstract
We argue that the level-1 elliptic algebra Uq,p(ĝ) is a dynamical symmetry realized as a
part of 2d/5d correspondence where the Drinfeld currents are the screening currents to the
q-Virasoro/W block in the 2d side. For the case of Uq,p(ŝl(2)), the level-1 module has a
realization by an elliptic version of the Frenkel-Kac construction. The module admits the
action of the deformed Virasoro algebra. In a r-th root of unity limit of p with q2 → 1, the
Zr-parafermions and a free boson appear and the value of the central charge that we obtain
agrees with that of the 2d coset CFT with para-Virasoro symmetry, which corresponds to
the 4d N = 2 SU(2) gauge theory on R4/Zr.
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1 Introduction
Since the proposal of AGT(W) relation [1, 2], 2d/4d correspondence and its generalizations
have been intensively studied. Originally, it was the correspondence between the Nekrasov
partition function of 4d N = 2 supersymmetric SU(N) gauge theory and the conformal
block of 2d CFT with the WN symmetry. One of the generalizations is to consider the
4d SU(N) gauge theory on R4/Zr [3, 4]. For works in this direction, see for example
[5, 6, 7, 8, 4, 9, 10, 11, 12, 13, 14, 15]. The corresponding CFT is described by a coset
ŝl(N)r ⊕ ŝl(N)κ
ŝl(N)r+κ
, (1.1)
posessing the r-th “para-WN symmetry” [6, 16]. Here κ is a parameter related to the Ω-
background parameters ǫ1,2.
Another generalization is a 5d lift (or K-theoretic lift), i.e., to consider the 5d N = 1
SU(N) gauge theories on R4 × S1 [17, 18, 19, 20, 21, 22, 23]. (For more general 2d/6d
correspondence, see for example [24, 25, 26, 27, 28]). The corresponding 2d theories are no
longer conformally invariant but are invariant under the deformed Virasoro [29, 30, 31] (N =
2) or deformedWN symmetry (N ≥ 3) [32, 33]. The deformed vertex operators [34, 35, 36, 37]
play important roles in constructing q-deformed conformal/W block. The q-Virasoro/W
algebras themselves are, however, not sufficient to determine the q-vertex operators. This
comes from their lack of the coalgebra structure—in particular, the coproduct. To construct
the deformed vertex operators, one can take an approach that utilizes algebras having the
coproduct and that is closely connected with the q-Viraroso/W algebras. There are at least
two such algebras: the Ding-Iohara-Miki (DIM) algebras [38, 39] and the elliptic algebra
Uq,p(ĝ) [40, 41, 42, 43, 44, 45, 46, 47]. Here ĝ is an untwisted affine Lie algebra. They are
different kinds of extension of the quantum group Uq(ĝ). For researches based on the DIM
algebras, see, for example, [48, 49, 50, 26, 51, 52, 53, 54, 55].
In this paper, we take the second approach to make exploit the elliptic algebra Uq,p(ĝ).
One important property of this elliptic algebra with regard to the 2d/5d correspondence is
that the Drinfeld currents act as the screening currents on the q-Virasoro/W block in the 2d
side. The elliptic algebras are constructed based on the elliptic solutions to the Yang-Baxter
equations. There are two class of elliptic solutions. One is related to the eight-vertex model
(XYZ model) [56, 57]. The other is related to the face-type integrable lattice models (ABF
1
[58] or RSOS models). The corresponding elliptic algebras are called vertex-type and face-
type respectively. The Sklyanin algebra [59] and Aq,p(ŝl(N)) [60, 61] are vertex-type elliptic
algebras.
The face-type elliptic solutions obey the dynamical Yang-Baxter equation (or the Gervais-
Neveu-Felder equation) [62, 63]. The dynamical Yang-Baxter equation
R12(λ+ h3)R13(λ)R23(λ+ h1) = R23(λ)R13(λ+ h2)R12(λ) (1.2)
is equivalent to the star-triangle equation in solvable lattice models [64]. Here λ is a dynam-
ical parameter and h is an element of the Cartan subalgebra. This equation first appeared in
the study of the monodromy properties of the conformal blocks of the Liouville field theory
[62]. (See also [65, 66, 67]).
Based on the face-type elliptic solutions, various elliptic quantum groups have been in-
troduced. Some of them are Eτ,η(sl(2)) [63, 64], Bq,λ(ĝ) [61] and Uq,p(ĝ). The latter two,
Bq,λ(ĝ) and Uq,p(ĝ), are face-type algebras closely related each other. They are quite similar,
but have different Hopf algebra-like structures. Bq,λ(ĝ) is a quasi-Hopf algebra [68] whose
coproduct is not coassociative, while Uq,p(ĝ) is a H-Hopf algebroid [69] whose coproduct is
coassociative. Due to this coassociativity, Uq,p(ĝ) has a simpler coalgebra structure than
Bq,λ(ĝ) does.
Let us consider the face-type elliptic algebra Uq,p(ĝ) with level k. It is an elliptic defor-
mation of the algebra of screening charges of the coset CFT [40, 41]
ĝk ⊕ ĝs−k−2
ĝs−2
. (1.3)
This CFT is closely related to the k-fusion RSOS model of type g. For the level k = 1,
Uq,p(ĝ) is closely related to the deformed W algebra of type g [32, 33]. In the CFT limit
(q → 1 limit), the coset model ĝ1 ⊕ ĝs−3/ĝs−2 shows the ordinary W (g)-symmetry.
In this paper, we would like to argue that the level-1 Uq,p(ŝl(N)) algebra is a dynamical
symmetry in its connection with the 5d N = 1 SU(N) gauge theory on R4 × S1. Let us
denote the radius of S1 by R. We propose the following dictionary between the deformation
parameters and gauge theory parameters:
q = e(1/2)R(ǫ1+ǫ2), p = eRǫ2 , p∗ = pq−2 = e−Rǫ1 . (1.4)
Taking R → 0 limit is equivalent to a CFT limit of Uq,p(ŝl(N)) with q → 1 (p, p∗ → 1).
Hence we obtain ordinary 2d/4d correspondence: 4d SU(N) gauge theory on R4 and 2d
CFT with WN symmetry.
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We also propose another CFT limit: a root of unity limit of the parameters
p→ ωℓ, p∗ → ωℓ, q2 → 1, (1.5)
where ω is the primitive r-th root of unity and ℓ is an integer such that ωℓ 6= 1. If the level 1
elliptic algebra Uq,p(ŝl(N)) is the 2d side symmetry of 2d/5d correspondence and deformed
blocks are given by the correlation functions of vertex operators of this algebra, this root
of unity limit automatically leads to the correspondence between the W block of the coset
CFT ŝl(N)r ⊕ ŝl(N)κ/ŝl(N)r+κ and the Nekrasov instanton partition function on R4/Zr.
For simplicity, we consider the N = 2 case: Uq,p(ŝl(2)) [40]. Generalization to general N
is straightforward (though it may be tedious).
For the level k = 1 elliptic algebra Uq,p(ŝl(2)), the closely related RSOS model is known
as the Andrews-Baxter-Forrester (ABF) face model [58]. The q-deformed Virasoro algebra
plays the role of dynamical symmetry of the ABF model [29, 70, 71, 72]. It has a general
level k realization by a deformed Z-algebra or parafermions. As we here only deal with its
connection with the deformed Virasoro algebra, we consider a simple level-1 realization, i.e.,
an elliptic deformation of the Frenkel-Kac construction. In the p → 0 limit, the elliptic
algebra Uq,p(ŝl(2)) essentially goes to the quantum group Uq(ŝl(2)), and if we take further
limit q → 1, it goes to the affine Lie algebra sl(2)k.
This paper is organized as follows: In the next section, we review the elliptic algebra
Uq,p(ŝl(2)). In section 3, level 1-modules of Uq,p(ŝl(2)) algebra based on an elliptic version of
the Frenkel-Kac construction is explained. In section 4, we discuss the root of unity limit of
the level-1 Uq,p(ŝl(2)) algebra. In appendix A, we briefly recall the Frenkel-Kac construction
of the affine Lie algebra ŝl(2)1.
2 Elliptic algebra Uq,p(ŝl(2))
In this section, we review the elliptic algebra Uq,p(ŝl(2)) [40]. The face-type elliptic algebra
Uq,p(ŝl(2)) is an elliptic deformation of the affine Lie algebra ŝl(2). If we take the deformation
parameters p → 0 and q → 1, then Uq,p(ŝl(2)) goes to the ŝl(2) current algebra (and a
Heisenberg algebra). We essentially follow the convention of [73].
Let q and p be two parameters. The elliptic algebra Uq,p(ŝl(2)) is a unital associative
algebra generated by the following elements
P, h, em, fm, αn, K
±, q±(1/2)k, d, (m ∈ Z, n ∈ Z \ {0}). (2.1)
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K± are invertible, k is a central element and d is a grading operator
[d, em] = mem, [d, fm] = mfm, [d, αn] = nαn, [d, P ] = [d, h] = [d,K
±] = 0.
(2.2)
The eigenvalue of k on a Uq,p(ŝl(2))-module is called the level of the module.
It is convenient to introduce the elliptic currents:
e(z) =
∑
m∈Z
emz
−m−1, f(z) =
∑
m∈Z
fmz
−m−1, (2.3)
ψ+(q−k/2z) = K+ exp
(
−(q − q−1)
∑
m>0
α−m
1− pm z
m
)
exp
(
(q − q−1)
∑
m>0
pmαm
1− pm z
−m
)
, (2.4)
ψ−(qk/2z) = K− exp
(
−(q − q−1)
∑
m>0
pmα−m
1 − pm z
m
)
exp
(
(q − q−1)
∑
m>0
αm
1− pm z
−m
)
. (2.5)
Then the remaining defining relations are given by
[P, h] = 0, [P, e(z)] = −2 e(z), [h, e(z)] = 2 e(z), (2.6)
[P, f(z)] = 0, [h, f(z)] = −2 f(z), [P, αn] = 0, [h, αn] = 0, (2.7)
[P,K±] = −2K±, [h,K±] = 0, (2.8)
K±e(z) = q∓2e(z)K±, K±f(z) = q±2f(z)K±, (2.9)
[αm, αn] = δm+n,0
[2m]q[km]q
m
1− p|m|
1− p∗|m| q
−k|m|, (2.10)
[αm, e(z)] =
[2m]q
m
1− p|m|
1− p∗|m| q
−k|m|zme(z), [αm, f(z)] = − [2m]q
m
zmf(z), (2.11)
z1
(q2z2/z1; p
∗)∞
(p∗q−2z2/z1; p∗)∞
e(z1)e(z2) = −z2 (q
2z1/z2; p
∗)∞
(p∗q−2z1/z2; p∗)∞
e(z2)e(z1), (2.12)
z1
(q−2z2/z1; p)∞
(pq2z2/z1; p)∞
f(z1)f(z2) = −z2 (q
−2z1/z2; p)∞
(pq2z1/z2; p)∞
f(z2)f(z1), (2.13)
[e(z1), f(z2)] =
1
(q − q−1)z1z2
(
δ(q−kz1/z2)ψ−(qk/2z2)− δ(qkz1/z2)ψ+(q−k/2z2)
)
. (2.14)
Here p∗ = pq−2k and
[x]q =
qx − q−x
q − q−1 , (x; ξ)∞ =
∞∏
n=0
(1− xξn), δ(z) =
∑
n∈Z
zn. (2.15)
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2.1 p→ 0 limit: Uq(ŝl(2))
In the p → 0 limit, the elliptic algebra Uq,p(ŝl(2)) becomes the direct product of quantum
group Uq(ŝl(2)) and the algebra H generated by {P, e±2Q} where [P,Q] = 1.
Uq,p(ŝl(2)) −→ Uq(ŝl(2))⊗H, [Uq(ŝl(2)),H] = 0, (2.16)
P → P, h→ h, q±(1/2)k → q±(1/2)k, d→ d˜, (2.17)
e(z)→ x+(z)e−2Q, f(z)→ x−(z), αn → α˜n, K± → q∓he−2Q, (2.18)
ψ+(q−k/2z)→ ϕ(q−k/2z)e−2Q, ψ−(qk/2z)→ ψ(qk/2z)e−2Q, (2.19)
where
ϕ(q−k/2z) = q−h exp
(
−(q − q−1)
∑
m>0
α˜−mzm
)
, (2.20)
ψ(qk/2z) = qh exp
(
(q − q−1)
∑
m>0
α˜mz
−m
)
. (2.21)
Here α˜n satisfies the following commutation relations:
[α˜m, α˜n] = δm+n,0
[2m]q[km]q
m
q−k|m|. (2.22)
The mode expansion of the Drinfeld currents x±(z) is given by
x±(z) =
∑
m∈Z
x±mz
−m−1. (2.23)
Then, the quantum group Uq(ŝl(2)) is generated by
x±m, α˜n, h, q
±(1/2)k, d˜, (m ∈ Z;n ∈ Z \ {0}). (2.24)
The defining relations are given as follows: k is a central element,
[d˜, x±m] = mx
±
m, [d˜, α˜n] = nα˜n, [d˜, h] = 0, (2.25)
[h, α˜n] = 0, [h, x
±
n ] = ±2x±n , (2.26)
[α˜m, α˜n] = δm+n,0
[2m]q[km]q
m
q−k|m|, (2.27)
[α˜m, x
+(z)] =
[2m]q
m
q−k|m|zmx+(z), [α˜m, x−(z)] = − [2m]q
m
zmx−(z), (2.28)
z1(1− q±2z2/z1)x±(z1)x±(z2) = −z2(1− q±2z1/z2)x±(z2)x±(z1), (2.29)
[x+(z1), x
−(z2)] =
1
(q − q−1)z1z2
(
δ(q−kz1/z2)ψ(q
k/2z2)− δ(qkz1/z2)ϕ(q−k/2z2)
)
. (2.30)
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2.1.1 q → 1: ŝl(2)k current algebra
Furthermore, if we also take the q → 1 limit, Uq(ŝl(2)) goes to the ŝl(2) current algebra with
level k:
Uq(ŝl(2))→ ŝl(2)k, (2.31)
x±(z)→ J±(z), α˜n → an, ψ(q
k/2z)− ϕ(q−k/2z)
(q − q−1)z → 2J
3(z), (2.32)
where
2J3(z) = hz−1 +
∑
m6=0
amz
−m−1. (2.33)
Here
[am, an] = 2 kmδm+n,0. (2.34)
The commutation relations for the ŝl(2) currents are given by
[J3(z1), J
±(z2)] = ±δ(z2/z1)J
±(z2)
z2
, [J3(z1), J
3(z2)] =
(k/2)
z1z2
δ′(z2/z1), (2.35)
[J+(z1), J
−(z2)] =
k
z1z2
δ′(z2/z1) + δ(z2/z1)
2J3(z2)
z2
. (2.36)
Here δ′(x) =
∑
n∈Z nx
n.
These commutation relations are equivalent to the following OPE:
J3(z1)J
±(z2) ∼ ±J
±(z2)
z1 − z2 , J
3(z1)J
3(z2) ∼ k/2
(z1 − z2)2 , (2.37)
J+(z1)J
−(z2) ∼ k
(z1 − z2)2 +
2J3(z2)
z1 − z2 . (2.38)
3 Level 1 modules of Uq,p(ŝl(2))
It is well-known that the level k = 1 modules of the ŝl(2) current algebra can be obtained by
a free massless chiral boson compactified on a circle with the self-dual radius. The Fock space
of the compactified boson is decomposed into the two irreducible ŝl(2)1 modules with highest
weights Λ0 and Λ1. It is the so-called the Frenkel-Kac construction [74] (see Appendix A for
a brief review).
In this section, the elliptic analog of the Frenkel-Kac construction is explained.
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Let us introduce elliptic bosons by
Φ(z) = 2Qh + h log z −
∑
m6=0
αm
[m]q
z−m, (3.1)
Φ∨(z) = 2Qh + h log z −
∑
m6=0
αm
[m]q
(1− p∗|m|)
(1− p|m|) q
|m|z−m, (3.2)
where the modes obey the following commutation relations
[αm, αn] = δm+n,0
[2m]q[m]q
m
(1− p|m|)
(1− p∗|m|)q
−|m|, [h,Qh] = 1, (m,n 6= 0). (3.3)
Note that the commutation relations among the non-zero modes αn are the k = 1 case of
(2.10). We also introduce an additional algebra generated by {P, e±2Q} with [P,Q] = 1.
We assume that the elliptic bosons are “compactified on a circle of self-dual radius”. This
means that the eigenvalues of h on the elliptic boson Fock space are integers1. Hence Qh
can appear only in the form enQh (n ∈ Z).
Let |0〉 be the Fock vacuum characterized by
h |0〉 = 0, P |0〉 = 0, αn|0〉 = 0, (n > 0). (3.4)
The Fock space F of the elliptic bosons and the additional algebra is spanned by the following
vectors
α−nkα−nk−1 · · ·α−n2α−n1e2m1Q+m2Qh|0〉, (0 < n1 ≤ n2 ≤ · · · ≤ nk;m1, m2 ∈ Z). (3.5)
The action of the level 1 Uq,p(ŝl(2)) on the Fock space F is realized by
e(z) =: e−2Q eΦ(z) :, f(z) =: e−Φ
∨(z) : . (3.6)
K± = e−2Qq∓h. (3.7)
Here p∗ = pq−2. The normal ordering is defined by moving Q and Qh to the left of P and
h, the creation operators α−n (n > 0) to the left of the annihilation operators αn (n > 0).
Hence,
e(z) = e−2Q+2Qhzh exp
(∑
m>0
α−m
[m]q
zm
)
exp
(
−
∑
m>0
αm
[m]q
z−m
)
, (3.8)
1See a remark on the last paragraph of Appendix A
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f(z) = e−2Qhz−h exp
(
−
∑
m>0
α−m
[m]q
(1− p∗m)
(1− pm) q
mzm
)
exp
(∑
m>0
αm
[m]q
(1− p∗m)
(1− pm) q
mz−m
)
.
(3.9)
The currents ϕ±(q∓k/2z) are given by (2.4) and (2.5) for level 1 αm and with K± substi-
tuted by (3.7). The grading operator is realized as
d = −1
4
h2 −
∑
m>0
m2
[2m]q[m]q
(1− p∗m)
(1− pm) q
mα−mαm. (3.10)
As in the case of the affine Lie algebra, the Fock space F decomposes into two irreducible
level 1 Uq,p(ŝl(2))-modules according to the eigenvalues of (−1)h:
F = F+ ⊕ F−, (3.11)
where F± = {v ∈ F | (−1)hv = ±v}.
3.1 p→ 0 limit
In the p→ 0 limit, we obtain the free boson representation of level 1 Uq(ŝl(2)) [75]:
e(z)→ e−2Qx+(z), f(z)→ x−(z), αn → α˜n, (3.12)
where
x+(z) = e2Qhzh : exp
(
−
∑
m6=0
α˜m
[m]q
z−m
)
:, (3.13)
x−(z) = e−2Qhz−h : exp
(∑
m6=0
q|m|α˜m
[m]q
z−m
)
:, (3.14)
with
[α˜m, α˜n] = δm+n,0
[2m]q[m]q
m
q−|m|. (3.15)
Note that
d˜ = −1
4
h2 −
∑
m>0
m2
[2m]q[m]q
qmα˜−mα˜m. (3.16)
3.1.1 q → 1 limit
Furthermore, if we take q → 1 limit, we obtain the Frenkel-Kac construction of the level 1
ŝl(2) current algebra:
x±(z)→ J±(z), α˜n → an, (3.17)
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where
J±(z) =: e±Φ0(z) := e±2Qhz±h : exp
(
∓
∑
m6=0
am
m
z−m
)
:, (3.18)
Φ0(z) = 2Qh + h log z −
∑
m6=0
am
m
z−m, [am, an] = 2mδm+n,0. (3.19)
Also, we find
J3(z) =
1
2
∂Φ0(z). (3.20)
Note that the normalization of the free boson Φ(z) is chosen as 〈Φ0(z1)Φ0(z2)〉 = 2 log(z1 −
z2).
In the q → 1 limit, the grading operator goes to
d˜→ −L0, (3.21)
where
L0 =
1
4
h2 +
1
2
∑
m>0
a−mam. (3.22)
This operator L0 is one of the Virasoro generators with the central charge c = 1:
T (z) =
1
4
:
(
∂Φ0(z)
)2
:=
∑
n∈Z
Lnz
−n−2. (3.23)
3.2 q-Virasoro algebra
It is known that on the level-1 Uq,p(sl(2))-modules, the action of the deformed Virasoro
algebra can be defined [40].
The deformed Virasoro algebra is introduced in [29, 30, 31]. It contains two parameters,
usually denoted by q and t (and p = q/t). But in order to avoid confusion with those of
Uq,p(ŝl(2)), we denote them by q˜ and t˜ (and p˜ = q˜/t˜) in this paper.
The generators of q-Virasoro algebra are combined into the generating operator as
T (z) =
∑
n∈Z
Tnz−n. (3.24)
The defining relations of the q-Virasoro algebra are given by
f(z2/z1)T (z1)T (z2)− f(z1/z2)T (z2)T (z1) = (1− q˜)(1− t˜
−1)
(1− p˜)
[
δ(p˜z1/z2)− δ(p˜−1z1/z2)
]
,
(3.25)
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where
f(z) = exp
(∑
n>0
1
n
(1− q˜n)(1− t˜−n)
(1 + p˜n)
zn
)
. (3.26)
Let
T (z) = Λ̂1(z) + Λ̂2(z), (3.27)
with
Λ̂1(z) = q
P+1(p∗)−(1/2)h : exp
(∑
m6=0
(1− p∗m)
[2m]q
αmz
−m
)
:, (3.28)
Λ̂2(z) = q
−P−1(p∗)(1/2)h : exp
(
−
∑
m6=0
(1− p∗m)
[2m]q
αm(q
2z)−m
)
: . (3.29)
This operator defines the action of the q-Virasoro algebra on the level 1 module of Uq,p(ŝl(2)).
The parameters of q-Virasoro algebra q˜, t˜ are respectively identified with those of the elliptic
algebra as follows:
q˜ = p, t˜ = p∗ = pq−2. (3.30)
Note that p˜ = q˜/p˜ = q2. The parameter β is defined by t˜ = q˜β. Then we have p∗ = pβ. If
we write
p = q2M , p∗ = q2(M−1), (3.31)
then we can read off the value of the parameter β:
β =
M − 1
M
. (3.32)
The deformation parameters q˜ and t˜ is related to the gauge theory parameters as q˜ = eRǫ2 ,
t˜ = e−Rǫ1 . Therefore, (3.30) leads to (1.4).
Let us introduce the following currents:
e˜(z) = e(z)z−(M−1)
−1P , f˜(z) = f(z)zM
−1(P+h). (3.33)
These are the screening currents of the q-Virasoro algebra as we have stressed in the intro-
duction:
[T (z1), e˜(z2)] = (1− p)(1− p∗) dp∗
dp∗z2
[
δ(qz1/z2)z2O1(z2)
]
, (3.34)
[T (z2), f˜(z2)] = (1− p)(1− p∗) dp
dpz2
[
δ(q2z1/z2)z2O2(z2)
]
. (3.35)
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Here
dξ
dξz
f(z) =
f(z)− f(ξz)
(1− ξ)z , (ξ = p, p
∗). (3.36)
The operators O1(z) and O2(z) are given by
O1(z) = p−1e−2Q+2QhqP+1(p∗)−(1/2)hz−(M−1)−1P+h
× : exp
(
−
∑
m6=0
(1 + pm)
[2m]q
αm(qz)
−m
)
:,
(3.37)
O2(z) = (p∗)−1e−2Qhq−(P+1)(p∗)(1/2)hzM−1(P+h)−h
× : exp
(∑
m6=0
(1− p∗m)(1 + p∗m)
[2m]q(1− pm) αm(q
−2z)−m
)
: .
(3.38)
4 Root of unity limit
We have obtained the dictionary between the parameters of the deformed Virasoro algebra
and those of Uq,p(ŝl(2)). We can take the same root of unity limit of the parameters as was
done in [13, 14].
Let us consider the following r-th root of unity limit of the level-1 representations of
Uq,p(ŝl(2)).
p→ ωℓ, p∗ → ωℓ, q2 → 1, (4.1)
where ω is the primitive r-th root of unity ω = exp(2πi/r), and ℓ is an integer such that
ωℓ 6= 1.
A branch of log p and log p∗ are chosen as
log p = 2πi
(
k1 +
ℓ
r
)
− 1√
β
R, (k1 ∈ Z), (4.2)
log p∗ = 2πi
(
k2 +
ℓ
r
)
−
√
β R, (k2 ∈ Z), (4.3)
and the root of unity limit is meant by the limit of R→ 0. For simplicity, we assume k1 6= k2.
The parameter β is restricted to the value
β =
k2 + ℓ/r
k1 + ℓ/r
=
rk2 + ℓ
rk1 + ℓ
. (4.4)
from the consistency of the relation
β =
log p∗
log p
. (4.5)
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For later convenience, let
m :=
rk1 + ℓ
k1 − k2 . (4.6)
Then
m− r = rk2 + ℓ
k1 − k2 , β =
m− r
m
. (4.7)
By repeating the analysis of [14], we see that the level 1 Uq,p(ŝl(2)) goes to the tensor
product of an algebra generated by {P, e±2Q}, the Zr-parafermions and a free boson. The
parafermions and the boson are fields on the w-plane where w = zr.
The Zr-parafermions and the boson in a backgound charge QE/
√
r are described by a
conformal field theory (CFT) with the central charge
c = cparafermion + cboson, (4.8)
with
cparafermion =
2(r − 1)
r + 2
, cboson = 1− 6
(
QE√
r
)2
, QE =
√
β − 1√
β
. (4.9)
Then
c =
2(r − 1)
r + 2
+ 1− 6r
m(m− r)
=
3r
r + 2
+
3(m− 2− r)
m− r −
3(m− 2)
m
,
(4.10)
which is the central charge of the coset CFT:
ŝl(2)r ⊕ ŝl(2)m−2−r
ŝl(2)m−2
. (4.11)
We remark that by setting b = i
√
β, this central charge (4.10) can be expressed as
c =
3r
r + 2
+
6
r
(b+ 1/b)2. (4.12)
Hence the coset (4.11) may be described by the r-th para-Liouville theory [76, 16].
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A Frenkel-Kac construction for ŝl(2)1
We briefly review the Frenkel-Kac construction [74] for the case of the level 1 ŝl(2) current
algebra.
Let φ(z) be the free massless chiral boson on a circle of radius R:
φ(z) = qˆ − ipˆ log z + i
∑
n 6=0
1
n
αˆnz
−n, (A.1)
where
[qˆ, pˆ] = i, [αˆm, αˆn] = mδm+n,0. (A.2)
Note that 〈φ(z1)φ(z2)〉 = − log(z1 − z2). Let |0〉 be the Fock vacuum defined by
pˆ |0〉 = 0, αˆn|0〉 = 0, (n > 0). (A.3)
Since the boson is compactified on the circle with radius R, the eigenvalues of the momentum
operator pˆ must be n/R (n ∈ Z). Let us denote the corresponding momentum eigenstates
by
|n;R〉 = ei(n/R)qˆ |0〉, pˆ |n;R〉 = n
R
|n;R〉. (A.4)
The compactified boson Fock space FR is obtained from the Fock vacuum |0〉 by acting the
creation operators αˆ−m (m > 0) and ei(n/R)qˆ (n ∈ Z). On this Fock space the action of the
position operator qˆ is allowed only through the form of ei(n/R)qˆ (n ∈ Z). Hence the vertex
operators
Vu(z) =: e
iuφ(z) := eiuqˆzupˆ exp
(
u
∑
n>0
1
n
αˆ−nzn
)
exp
(
−u
∑
n>0
1
n
αˆnz
−n
)
(A.5)
with Ru ∈ Z can act on the Fock space. Let
J±(z) = V±√2(z) =: e
±i√2φ(z) :, J3(z) =
i√
2
∂φ(z), (A.6)
with mode expansion
Ja(z) =
∑
m∈Z
Jamz
−m−1, a = ±, 3. (A.7)
It is well-known that Jam realize the affine Lie algebra ŝl(2) with level 1. In order to make
the Fock space FR be a ŝl(2)1-module, the compactification radius R must be an integer
multiple of 1/
√
2.
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In particular, at R =
√
2 (the self-dual radius), J±m shifts the momentum pˆ = n/
√
2 to
pˆ = (n ± 2)/√2. Therefore, the boson Fock space FR=√2 decomposes into two irreducible
ŝl(2)1-modules according to the values of (−1)
√
2pˆ:
F√2 = L(Λ0)⊕ L(Λ1), (A.8)
where
L(Λ0) = {v ∈ F√2 | (−1)
√
2pˆ v = (+1)v}, L(Λ1) = {v ∈ F√2 | (−1)
√
2pˆ v = (−1)v}.
(A.9)
Here Λ0 and Λ1 are the fundamental weights of the affine Lie algebra ŝl(2) and L(Λi) are
the integrable highest-weight module with highest weight Λi. The highest-weight vector of
the basic module L(Λ0) and that of the defining module L(Λ1) are respectively given by
|Λ0〉 = |0;
√
2 〉 = |0〉 ∈ L(Λ0), |Λ1〉 = |1;
√
2 〉 = e(i/
√
2)qˆ|0〉 ∈ L(Λ1). (A.10)
Remark. The boson Φ0(z) (3.19) is related to the canonically normalized boson φ(z) (A.1)
as Φ0(z) = i
√
2φ(z). In particular, h is identified with
√
2 pˆ. Hence at the self-dual radius,
the eigenvalues of h must be integers.
References
[1] L. F. Alday, D. Gaiotto, and Y. Tachikawa, “Liouville Correlation Functions from Four-
dimensional Gauge Theories,” Lett. Math. Phys. 91, 167–197 (2010) [arXiv:0906.3219
[hep-th]].
[2] N. Wyllard, “AN−1 conformal Toda field theory correlation functions from conformal
N = 2 SU(N) quiver gauge theories,” JHEP 0911, 002 (2009) [arXiv:0907.2189 [hep-
th]].
[3] N. Wyllard, “Coset conformal blocks and N = 2 gauge theories,” arXiv:1109.4264
[hep-th].
[4] M. N. Alfimov and G. M. Tarnopolsky, “Parafermionic Liouville field theory and in-
stantons on ALE spaces,” JHEP 1202, 036 (2012) [arXiv:1110.5628 [hep-th]].
14
[5] M. A. Bershtein, V. A. Fateev, and A. V. Litvinov, “Parafermionic polynomials, Selberg
integrals and three-point correlation function in parafermionic Liouville field theory,”
Nucl. Phys. B847, 413–459 (2011) [arXiv:1011.4090 [hep-th]].
[6] V. Belavin and B. Feigin, “Super Liouville conformal blocks from N = 2 SU(2) quiver
gauge theories,” JHEP 1107, 079 (2011) [arXiv:1105.5800 [hep-th]].
[7] A. Belavin, V. Belavin and M. Bershtein, “Instantons and 2d Superconformal field
theory,” JHEP 1109, 117 (2011) [arXiv:1106.4001 [hep-th]].
[8] G. Bonelli, K. Maruyoshi and A. Tanzini, “Instantons on ALE spaces and super Liouville
conformal field theories,” JHEP 1108, 056 (2011) [arXiv:1106.2505 [hep-th]]; “Gauge
Theories on ALE Space and Super Liouville Correlation Functions,” Lett. Math. Phys.
101, 103-124 (2012) [arXiv:1107.4609 [hep-th]].
[9] Y. Ito, “Ramond sector of super Liouville theory from instantons on an ALE space,”
Nucl. Phys. B 861, 387-402 (2012) [arXiv:1110.2176 [hep-th]].
[10] A. A. Belavin, M. A. Bershtein, B. L. Feigin, A. V. Litvinov and G. M. Tarnopolsky,
“Instanton moduli spaces and bases in coset conformal field theory,” Commun. Math.
Phys. 319, 269-301 (2013) [arXiv:1111.2803 [hep-th]].
[11] A. A. Belavin, M. A. Bershtein and G. M. Tarnopolsky, “Bases in coset conformal field
theory from AGT correspondence and Macdonald polynomials at the roots of unity,”
JHEP 1303, 019 (2013) [arXiv:1211.2788 [hep-th]].
[12] M. N. Alfimov, A. A. Belavin and G. M. Tarnopolsky, “Coset conformal field theory
and instanton counting on C2/Zp,” JHEP 1308, 134 (2013) [arXiv:1306.3938 [hep-th]].
[13] H. Itoyama, T. Oota and R. Yoshioka, “2d-4d Connection between q-Virasoro/W Block
at Root of Unity Limit and Instanton Partition Function on ALE Space,” Nucl. Phys.
B 877, 506-537 (2013) [arXiv:1308.2068 [hep-th]]; “q-Virasoro algebra at root of unity
limit and 2d-4d connection,” J. Phys. Conf. Ser. 474, 012022 (2013).
[14] H. Itoyama, T. Oota and R. Yoshioka, “q-Virasoro/W Algebra at Root of Unity and
Parafermions,” Nucl. Phys. B 889, 25-35 (2014) [arXiv:1408.4216 [hep-th]].
15
[15] U. Bruzzo, M. Pedrini, F. Sala and R. J. Szabo, “Framed sheaves on root stacks and
supersymmetric gauge theories on ALE spaces,” Adv. Math. 288, 1175-1308 (2016)
[arXiv:1312.5554 [math.AG]];
M. Pedrini, F. Sala and R. J. Szabo, “AGT relations for abelian quiver gauge theories
on ALE spaces,” J. Geom. Phys. 103, 43-89 (2016) [arXiv:1405.6992 [math.RT]];
U. Bruzzo, F. Sala and R. J. Szabo, “N = 2 Quiver Gauge Theories on A-type ALE
Spaces,” Lett. Math. Phys. 105, 401-445 (2015) [arXiv:1410.2742 [hep-th]].
[16] T. Nishioka and Y. Tachikawa, “Central charges of para-Liouville and Toda theories
from M5-branes,” Phys. Rev. D84, 046009 (2011) [arXiv:1106.1172 [hep-th]].
[17] H. Awata and Y. Yamada, “Five-dimensional AGT conjecture and the deformed Vira-
soro algebra,” JHEP 1001, 125 (2010) [arXiv:0910.4431 [hep-th]]; “Five-Dimensional
AGT Relation and the Deformed β-Ensemble,” Prog. Theor. Phys. 124, 227–262 (2010)
[arXiv:1004.5122 [hep-th]].
[18] F. Nieri, S. Pasquetti and F. Passerini, “3d and 5d Gauge Theory Partition Functions as
q-deformed CFT Correlators,” Lett. Math. Phys. 105, 109-148 (2015) [arXiv:1303.2626
[hep-th]];
F. Nieri, S. Pasquetti, F. Passerini and A. Torrielli, “5D partition functions, q-Virasoro
systems and integrable spin-chains” JHEP 1412, 040 (2014) [arXiv:1312.1294 [hep-th]].
[19] D. Orlando, “A stringy perspective on the quantum integrable model/gauge correspon-
dence,” arXiv:1310.0031 [hep-th].
[20] M.-C. Tan, “M-theoretic derivations of 4d-2d dualities: from a geometric Langlands
duality for surfaces, to the AGT correspondence, to integrable systems,” JHEP 1307,
171 (2013) [arXiv:1301.1977 [hep-th]].
[21] M. Aganagic, N. Haouzi, C. Kozc¸az, and S. Shakirov, “Gauge/Liouville Triality,”
arXiv:1309.1687 [hep-th].
[22] R. Yoshioka, “The integral representation of solutions of KZ equation and a modification
by K operator insertion,” arXiv:1512.01084 [hep-th].
[23] T. Kimura and V. Pestun, “Quiver W-algebras,” arXiv:1512.08533 [hep-th].
16
[24] Y. Saito, “Elliptic Ding-Iohara Algebra and the Free Field Realization of the Elliptic
Macdonald Operator,” Publ. Res. Inst. Math. Sci. 50, 411–455 (2014) [arXiv:1301.4912
[math.QA]]; “Commutative Families of the Elliptic Macdonald Operator,” SIGMA 10,
021 [17 pages] (2014) [arXiv:1305.7097 [math.QA]].
[25] M.-C. Tan, “An M-theoretic derivation of a 5d and 6d AGT correspondence, and rel-
ativistic and elliptized integrable systems,” JHEP 1312, 031 (2013) [arXiv:1309.4775
[hep-th]]; “Higher AGT Correspondences, W-algebras, and Higher Quantum Geometric
Langlands Duality from M-Theory,” arXiv:1607.08330 [hep-th].
[26] A. Iqbal, C. Kozc¸az, and S.-T. Yau, “Elliptic Virasoro Conformal Blocks,”
arXiv:1511.00458 [hep-th].
[27] F. Nieri, “An elliptic Virasoro symmetry in 6d,” arXiv:1511.00574 [hep-th].
[28] T. Kimura and V. Pestun, “Quiver elliptic W-algebras,” arXiv:1608.04651 [hep-th].
[29] S. Lukyanov and Ya. Pugai, “Bosonization of ZF algebras: Direction toward deformed
Virasoro algebra,” J. Exp. Theor. Phys. 82, 1021-1045 (1996) [Zh. Eksp. Teor. Fiz. 109,
1900-1947 (1996)] [arXiv:hep-th/9412128].
[30] E. Frenkel and N. Reshetikhin, “Quantum Affine Algebras and Deformations
of the Virasoso and W-Algebras,” Commun. Math. Phys. 178, 237-264 (1996)
[arXiv:q-alg/9505025].
[31] J. Shiraishi, H. Kubo, H. Awata and S. Odake, “A quantum deformation of the Virasoro
algebra and the Macdonald symmetric functions,” Lett. Math. Phys. 38, 33-51 (1996)
[arXiv:q-alg/9507034].
[32] B. Feigin and E. Frenkel, “Quantum W-Algebras and Elliptic Algebras,” Commun.
Math. Phys. 178, 653-678 (1996) [arXiv:q-alg/9508009].
[33] H. Awata, H. Kubo, S. Odake and J. Shiraishi, “QuantumWN Algebras and Macdonald
Polynomials,” Commun. Math. Phys. 179, 401-416 (1996) [arXiv:q-alg/9508011].
[34] H. Awata, H. Kubo, Y. Morita, S. Odake and J. Shiraishi, “Vertex Operators of the
q-Virasoro Algebra; Defining Relations, Adjoint Actions and Four Point Functions,”
Lett. Math. Phys. 41, 65-78 (1997) [arXiv:q-alg/9604023].
17
[35] A. A. Kadeishvili, “Vertex operators for deformed Virasoro algebra,” JETP Lett. 63,
917-923 (1996) [Pisma Zh. Eksp. Teor. Fiz. 63, 876-881 (1996)] [arXiv:hep-th/9604153].
[36] M. Jimbo and J. Shiraishi, “A Coset-Type Construction for the Deformed Virasoro
Algebra,” Lett. Math. Phys. 43, 173-185 (1998) [arXiv:q-alg/9709037].
[37] H. Itoyama, T. Oota, and R. Yoshioka, “q-vertex operator from 5D Nekrasov function,”
J. Phys. A49, 345201 (2016) [arXiv:1602.01209 [hep-th]].
[38] J. Ding and K. Iohara, “Generalization of Drinfeld Quantum Affine Algebras,” Lett.
Math. Phys. 41, 181–193 (1997) [arXiv:q-alg/9608002].
[39] K. Miki, “A (q, γ) analog of the W1+∞ algebra,” J. Math. Phys. 48, 123520 (2007).
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